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Abstract. In this paper, we obtain some Simpson type inequalities for func- 
tions whose second derivatives' absolute value or q-th power of them are 
Q— class functions. Also we give applications to numerical integration. 



1. INTRODUCTION 

Suppose / : [a,b] — > R is a four times continuously differentiable mapping on 
(a, b) and ||/^ 4 ''|| = sup |/^ 4 ^(a;)| < oo. The following inequality 
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is well known in the literature as Simpson's inequality. 
For some results about Simpson inequality see [l]-[6]. 
Recall the Defmiton of Godunova-Levin function as following: 

Definition 1. (See [7], [8j p. 410],) We say that /:/—>■ R is a Godunova-Levin 
function or that f belongs to the class Q (I) if f is non-negative and for all x,y G I 
and t <E (0, 1) we have 



f (tx + (l-t)y)< 



fix) , f(y) 



t 
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The main aim of this paper is to give some new inequalities of Simpson's type for 
functions whose second derivatives of absolute values are Godunova-Levin functions 
or belong to the class Q (I) . 



2. Main Results 

We used the following Lemma to obtain our main results. 

Lemma 1. (See [6]j Let f : I C R — >• R be an absolutely continuous mapping on f 
where a, b 6 I with a < b, such that f" G L [a, b] . Then the following equality holds: 
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where 

p(t) = 



|t (3t - l) , te[o,|) 
±(t-i)(3t-2), te[|,i] 



Theorem 1. Let / be a functions which satisfy the assumptions of Lemma 1. If 
| /"| belongs to the class Q (I) , then the following inequality holds: 
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Proof. From Lemma 1 and using the properties of modulus, we have 
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Since |/"| belongs to the class Q (I) , we can write 
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Computing the above integrals, we get te desired result. □ 
Corollary 1. In Theorem 1, if we take f (a) = f (b) = f ( 9 ^-) , then we have 



dt 



dt 



x - f 



a + b 



< 



(b-a) 2 /121n2-81n3 + l 
6 V 2 



For M > 0, if \ f" (x)\ < M, for all x e [a, b] , then we have 
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Theorem 2. Let f be a functions which satisfy the assumptions of Lemma 1. If 
\f"\ q belongs to the class Q (I) , then the following inequality holds: 

cb 
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where q > 1. 

Proof. From Lemma 1 and using the Power-mean inequality, we have 

a + 6 



i r i 



/(a) +4/ 



< 



|t (3t — 1)| rft 



5 (r 



/(6)J 

\t(3t-l)\\f"{tb+(l-t) a)\ q dt 



+ / |(t — 1) (3* — 2)| dt 



(t - 1) (St - 2) \f"(tb + (1 - t) a)\ q dt 



Since \f"\ belongs to the class Q (I) and by computing the above integrals, we 
deduce 
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which is the desired result. 

3. Applications to Numerical Integration 



□ 



Let d be a division of the interval [a, b] , i.e., d : a = x < x\ < ... < x n -\ < 
x n =b, hi = ^ Xi + 1 ~ Xi ) an( i consider the Simpson's formulae 

s (/, d) = £ /M±Z^i+M±Z^±i) {Xi+1 _ Xi) . 

i=0 

It is well-known that if the mapping / : [a, b] —> R, is differcntiable such that f^ (x) 
exists on (a, b) and M = max |/( 4 ) (x)| < oo, then 



a:G(a,6) 
6 



f(x)dx = S(f,d) + E s (f,d). 



M.EMIN OZDEMIR* , ALPER EKINCI*, MUSTAFA GURBUZ*, AND AHMET OCAK AKDEMIR* 

where the approximation error E s (/, d) of the integral / by the Simpson's formulae 
S (/, d) satisfies 

M ™ _1 

E s (f,d)<—J2(xi+i-Xif- 

i=0 

Now we will give estimation for remainder term E (f,d) in terms of the second 
derivative. 

Proposition 1. Under the conditions of Theorem 1, then for every division d of 
[a, b] , the following holds: 

\E. (/, 4)1 < ( 121n2 'j ln3 + 1 ) g (x i+1 Xl f \\f" { Xi )\ + I/" (x i+1 )\] . 

Proof. Applying Theorem 1 on the subintervals [xi, a^+i] , (i — 0, 1, n — 1) of the 
division d and summing over i from to n — 1, we get the required result. □ 
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